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Synopsis

A new method for the estimation of kinetic parameters in emulsion polymerization systems is
presented. This method is based on studies of the evolution of monomer conversion in chemically
initiated seeded emulsion polymerization systems. In this paper, homopolymerization under
zero—one conditions is considered. The method is based on a fundamental model that includes the
free radical balance in the aqueous phase and fundamental parameters such as the entry and exit
rate coefficients, the termination rate constant in the aqueous phase, and the rate coefficient for
initiator decomposition. These parameters, as well as the propagation rate constant, are the
estimable parameters. This method, which uses all available data simultaneously in order to
estimate the parameters, is checked by using simulated experimental data generated with exact
values of the parameters. The criteria for deciding the usefulness of the present approach are the
closeness of the fit to the original data and the match of the estimated kinetic parameters to the
exact values of the parameters. It was found that accurate values of the parameters are obtained
with the present approach provided that a sufficient number of experiments with a minimum
range of variation are available. A study of both the minimum number of experiments and the
minimum range of variation of the experimental conditions needed to estimate reliable parame-
ters is presented. Also, the effect of both random and systematic errors is included in this study.
Finally, a comparison between the present approach and those previously published in the
literature is presented.

INTRODUCTION

The development of predictive mathematical models for emulsion polymer-
ization is a primary goal in the investigation of industrial polymerization
processes.! The critical point in the development of these mathematical
models is the elucidation of the mechanisms involved in emulsion polymeriza-
tion and the estimation of the corresponding parameters. Although most of
the kinetic-oriented investigations in emulsion polymerization include mecha-
nistic considerations, the validation of these mechanisms is usually based on
the fitting of limited data by global modeling. However, this can lead to false
conclusions. Considerable effort has therefore been devoted to develop strate-
gles for kinetic investigation of the emulsion polymerization process and the

*On leave from Grupo de Ingenieria Quimica, Departamento de Quimica Aplicada, Facultad de
Ciencias Quimicas, Universidad del Pais Vasco, Apdo 1072, 20080 San Sebastian, Spain.

Journal of Applied Polymer Science, Vol. 39, 1183-1213 (1990)
© 1990 John Wiley & Sons, Inc. CCC 0021-8995 /90 ,/051183-31$04.00



1184 ASUA, ADAMS, AND SUDOL

group at the University of Sydney has been the most active in this field.2-!3
Two main approaches have been developed by this group. The first is based on
the analysis of the time dependence of the conversion during Interval II or III
of a seeded emulsion polymerization using both chemical and y-radiolysis
initiation.235-810-12 The second approach is based on the analysis of the
evolution of the particle size distribution during Interval II of a seeded
emulsion polymerization.*

In order to generate conversion data using chemical initiation, a seed of
monodisperse polymer particles is swollen with monomer, heated to the
desired temperature, and then the water soluble chemical initiator is added.
The evolution of the reaction is followed by dilatometry.? The final product is
checked by electron microscopy for the occurrence of secondary particle
nucleation and the results from any run exhibiting secondary nucleation
discarded. When y-radiation initiation is used, a dilatometer containing a
similar monomer swollen seed is introduced into the radiation field whereupon
polymerization commences. After some period of time (generally when steady
state is reached), the dilatometer is removed from the radiation field and the
rate of polymerization monitored.?> In order to analyze experimental data
from both chemical and y-radiolytically initiated experiments, the Sydney
group uses the monomer material balance coupled with the population bal-
ances for particles containing i radicals:

dx  k,[M],nNy

dt ~ M,N, v

an,
o p(N,

13

-1 sz) + kd[(i + 1)Ni+1 - lNz]

+c[(i + 2)(i + DNy, — i(i — 1)N] ()

where x is the conversion, ¢ the time, &, the propagation rate constant, [M],
the concentration of the monomer in the polymer particles, M, the initial
number of moles of monomer per volume of water, n the average number of
radicals per particle, N, the number of polymer particles per volume of water,
N, the number of particles containing ¢ radicals per volume of water, %, the
desorption rate coefficient, ¢ the pseudo-first-order termination rate coeffi-
cient (¢ = k,/v,N,), v, the volume of one monomer swollen polymer particle,
and %, the second-order termination rate coefficient. The entry coefficient p is
defined as follows:

p=py+akyn (3)

where p, is the radical entry rate coeflicient in the absence of exit and a is a
fate parameter accounting for reentry of desorbed radicals into the particles.
According to Whang et al., a lies between —1 and +1, being —1 if all
desorbed radicals terminate in the aqueous phase and +1 if all desorbed
radicals reenter the polymer particles. It should be noted that both p, and «
vary with the number of particles and the initiator concentration. An increase
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in N, results in an increase in « and a decrease in p,, while an increase in the
initiator concentration serves to decrease « and increase p,.

The Sydney group®”!?2 proposed different methods of data analysis for
systems in which the average number of radicals per particle is less than 0.5, a
zero—one system, and systems where 7 is greater than 0.5. In this work,
attention is focused on systems with experimental conditions which result in
n < 0.5. In general, such experimental conditions may be reached by lowering
the initiator concentration, increasing the number of polymer particles and /or
decreasing the particle diameter. For a zero-one system, egs. (1) and (2)
reduce to

dr kMM

= 4

dt M,N, @)
dN,

7 = p(Np — 2N)) — kg (5)

The propagation rate constant can be obtained from the literature or
determined from independent experiments.”!* Equations (4) and (5) may be
integrated analytically, given the initial conditions, to yield a solution for x(t)
by assuming that the rate parameters are constant with time and that the
monomer concentration is known, being constant in Interval II or changing in
a predictable way in Interval III. The analytic solutions for both chemical
initiation and initiation by y-radiolysis are identical, differing only in the
initial values of 7, i.e.,, n(t = 0) = 0 for the case of chemical initiation and
a(t = 0) > 0 for y-radiolysis initiation. At long times, the solution for x(¢)
becomes

x=at+b (6)

where a and b, the slope and intercept of the straight line portion of an x vs.
t curve, are functions of the parameters p,, a, and k,. Thus, for an individual
experiment, p, and %k, can be obtained provided a is known. The Sydney
group used two criteria to estimate a single value of «a that would describe a
seeded styrene emulsion polymerization system in the presence of any concen-
tration of aqueous phase soluble initiatorS: (1) the exit rate coefficient ob-
tained from the slope and intercept analysis should be independent of initiator
concentration and particle number and (2) the value of %, should agree with
the value deduced from relaxation studies where o was assumed to equal +1.

The resulting value of a was used to describe the kinetics of experiments
that had an initiator concentration range over 3 orders of magnitude and a
particle number concentration that ranged by a factor of 4. However, it seems
more reasonable to expect that a would vary from values close to +1 at low
initiator concentrations and high numbers of particles, to lower values at high
initiator concentrations and low numbers of particles. No approach for esti-
mating p, and k, without assuming a constant value of « for the system has
been proposed, and it does not appear to be a simple task to apply the slope
and intercept method when the variation of « is considered.

An additional problem of the above analysis arises from the fact that p,
and a are not fundamental parameters of a particular system but in fact
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depend upon individual experimental conditions such as initiator concentra-
tion and particle number. The estimated parameters have, therefore, only a
limited application for predictive mathematical modeling. It is intrinsically
more desirable to obtain the values of more fundamental rate parameters,
such as the second-order rate coefficient for entry, for use in mechanistic
studies. Moreover, when the values of p, and a determined by the slope and
intercept method are used in mechanistic studies, for example, to discriminate
between the different mechanisms proposed for radical entry, a more funda-
mental equation, such as the balance of radicals in the aqueous phase, is
required. One additional fitting is involved and the value of the termination
rate coeflicient in the aqueous phase has to be known (i.e., by assuming that it
is equal to the one obtained from bulk polymerization at approximately zero
weight fraction of polymer).!! Thus the final results contain large uncertain-
ties in the estimates of the rate parameters.

Lichti et al.* used the time evolution of the particle size distribution (PSD)
to estimate the rate coefficients for entry, exit, and propagation of free
radicals in seeded and ab initio styrene emulsion polymerizations. The method
is laborious because it requires the measurement of at least 3000 particles of
each sample to ensure reproducible results. In addition, the authors* found
the PSD to be insensitive to the value of the radical desorption rate coefficient
for two out of the three cases studied. The model proposed by Lichti et al.!
has recently been used by Chen and Wu to determine kinetic parameters from
particle size distributions.!® These authors proposed the use of the first three
moments of the PSD to estimate the kinetic parameters and applied their
method to the experimental data obtained by Lichti et al.’” Surprisingly, they
found the desorption rate coeflicient to be proportional to the particle surface
area, i.e., the rate of desorption increases with increasing particle size. This
result is the opposite of theories proposed by others workers!®!® and Chen and
Wu' did not draw any mechanistic conclusions from their findings. It is worth
noting that, in order to estimate the parameters, Chen and Wu'® used the
second and third moments of the PSD while both of these, though particu-
larly the third moment, are very sensitive to inaccuracies in the measurement
of the larger particle size tail of the PSD. However, even when a large number
of particles are measured, the accuracy of the tails of the PSD is limited (see,
for example, Fig. 2 of Ref. 4). In addition, in order to obtain the basic
equations in their approach, these authors!® considered both p and &, to be
independent of the volume of the particle but then used the resulting equa-
tions to determine the dependency of p and %, on the particle size.

Recently, Nomura?® has proposed an approach to determine kinetic param-
eters by using the steady state portion of the x vs. time curves of seeded
polymerizations. This approach involves the use of 7 vs. o’ relationships, first
presented by Ugelstad and Hansen'® [note that there is no relation between o
in those plots and « in eq. (3)]. In practice, this implies an assumption of the
extent of the termination in the aqueous phase (Y in the Ugelstad—Hansen
plots). Therefore, the method can only be safely applied if the termination in
the aqueous phase is negligible (Y = 0).

A novel approach for parameter estimation is presented in this paper. The
approach is based on the study of the time evolution of the conversion in
chemically initiated seeded emulsion polymerizations as first proposed by
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Hawkett et al.?2 There are two main reasons for this choice. First, the time
dependence of the conversion during the approach to steady-state values of n
is more sensitive to the values of the parameters than both the steady-state
measurements® and PSD analysis.*!® Secondly, the experiments are carried
out easily with standard laboratory equipment and neither laborious postex-
periment manipulations (as in the case of using the PSD) nor sophisticated
equipment other than electron microscopy is required (note that in the
relaxation experiments a y-ray source is necessary). The basic equations of the
model include the radical balance in the aqueous phase and fundamental
parameters such as the rate coefficient for radical entry, instead of the global
parameters p and « used by the Sydney group. An algorithm for parameter
estimation in stiff differential equations has been developed. This algorithm
does not require an analytic integration of egs. (1) and (2) and uses all
experimental points of each experiment, as well as all experiments carried out
under different experimental conditions, at the same time in order to minimize
the residual sum of squares. The algorithm allows the estimation of all of the
parameters of the model, including the propagation rate coefficient.

In order to check the usefulness of the present approach, a classic methodol-
ogy is used. Data are generated by simulation using arbitrary but reasonable
values of the rate coefficients and then the present method is applied to the
generated data in an attempt to estimate these rate coeflicients. The fit of the
data and a comparison of the values of the rate coefficients used in the data
generation and the estimated ones give a measure of the usefulness of this
method. This is also used to study the effect of both random and systematic
errors on the estimated parameters as well as to determine how many
experiments and which range of experimental conditions are needed for the
estimation of reliable parameters. Finally, a comparison between the present
approach and the one proposed by the Sydney group is presented.

In the present paper, attention is restricted to an emulsion homopolymer-
ization system in which the zero-one assumption applies, i.e., where the
steady state value of the average number of radicals per particle does not
exceed 0.5. A wide variety of monomers will polymerize under zero—one
conditions if a sufficiently low initiator concentration, small particle size,
and /or high number of polymer particles are used.

THEORETICAL FRAMEWORK

The mechanistic events involved in an emulsion polymerization reaction are
as follows: (i) generation of free radicals by decomposition of the initiator in
the aqueous phase (for water-soluble initiators); (ii) propagation of the free
radicals in the aqueous phase; (iii) termination of free radicals in the aqueous
phase; (iv) entry of free radicals into the latex particles; (v) desorption of the
free radicals from the polymer particles; (vi) propagation within the polymer
particles; and (vii) termination within the polymer particles.

In these events, free radicals with different characteristics are involved,
namely, radicals of different chain length and different chemical composition,
according to whether they arose from the initiator or from a desorbed
monomeric radical. In principle, the rate of a particular event is different for
each type of oligomer. A distinction being made between all these oligomers
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would result in a model that contains so many parameters that they cannot be
estimated from experimental data. Therefore, some kind of averaged parame-
ters have to be used. By using averaged parameters, the material balance for
free radicals in the aqueous phase can be written as follows:

d[R], _ 2kill]  kaANp  ka[RIuNr  2ku[R].

dt ., N, N, e, (7)

where the left-hand side represents the accumulation of free radicals in the
aqueous phase. The first term of the right-hand side accounts for the genera-
tion of radicals through initiator decomposition, the second for the desorption
of radicals from the latex particles, the third for the entry of radicals into the
polymer particles, and the fourth for the consumption of radicals by bimolecu-
lar termination. Note that eq. (7) does not make any distinction between the
different types of radicals. Therefore, the kinetic coefficients have to be clearly
defined.

The rate coeflicient for the generation of free radicals from initiator decom-
position includes all effects usually taken into account by the efficiency factor.
Therefore, this term represents the free radicals that undergo some polymer-
ization. In this term, [I,] is the molar concentration of initiator in the
aqueous phase and ¢,, the volume fraction of water in the aqueous phase.

The rate of desorption of radicals from the polymer particles is assumed to
be proportional to the total number of radicals in the latex particles. Note
that for a zero—one system 7N, equals N,. No additional assumption is made
about the processes involved in radical desorption (for example, the existence
of a previous transfer reaction) nor the type (length) of radical involved.

The radical absorption phenomenon has been previously treated as a
collisional process,?! as well as a diffusional process*® and a colloidal process.!!
In all cases, the rate of radical absorption per polymer particle is expressed as
an entry rate coefficient £, multiplied by the concentration of radicals in the
aqueous phase. The probability that a free radical enters a polymer particle
increases with its length, although this effect is more pronounced for oligomers
formed from initiator due to the presence of a charged hydrophilic end group
than for uncharged oligomers arising from exited radicals. In addition, one
would expect a continuous distribution of rates of entry for the different
radicals rather than a step distribution where oligomers of length less than a
critical value do not enter the polymer particles and oligomers greater than
that critical length all enter the latex particles with the same rate. Therefore,
k, is an average entry rate coefficient that accounts for the effect of the
distributions of probability of entry.

It is also doubtful that oligomers with different lengths and chemical
composition terminate with the same rate, and once again a distribution of
termination rates would be expected. Such a distribution would be affected by
the two oligomers involved in each termination. A detailed accounting of these
termination rates is obviously impractical and, hence, an average termination
rate coefficient, k,,, has to be used.

For most systems, the contribution of the aqueous phase polymerization to
the overall conversion is negligible and, hence, the monomer material balance
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for a zero—one system is
dx _ k,[M],N, ©
dt M,N,

where N, is the number of particles (per dm® of water) containing one radical.
The population balance for N, is as follows:

N,

dt

= ko[R],(Np = N}) = ko[RLN, — kg (9)

For a chemically initiated system, the initial conditions for egs. (7)—(9) are
t=0, x=0, [R],=0, N =0 (10)

Equations (7)—(10) are a system of initial-value stiff differential equations
containing four unknown parameters %, k,, %k, and k,,. As a first approxi-
mation, it is assumed that %, is known from the literature or been previously
determined.!*

Equations (7)—(9) can be written as follows:

S

— =F(¢,8,Y,K 11
e ) (1)
where S is the vector of the state variables, Y the vector of independent
variables, and K the vector of adjustable parameters, where

8 = {x, N,[R],)} (12)
K= {ka’ kd’ kI’ ktw} (13)

In the present case, the conversion is the only observable variable.

Although algorithms for parameter estimation in ordinary differential equa-
tions have been well known for some time?? and successfully applied in the
polymer field,?>?* it is only recently that the problem of parameter estimation
in stiff differential equations has been treated in the literature.?>?¢ Parameter
estimation involves the choice of an objective function to be minimized. This
objective function should incorporate the specific error structure for the
experimental data. The likelihood function provides a general formulation for
the objective function by which many types of error relationships can be
represented. In this paper, the experimental errors are assumed to be dis-
tributed in such a way (see Ref. 27 for further details) that the likelihood
function reduces to a residual sum of squares:

M G
Sum = E Z (Xe - Xc)’iI:jQi,j(Xe - Xc)i,j (14)
J=1li=1

where M is the number of experiments, G; the number of experimental points
in experiment j, the superscript T stands for the transposed matrix, and Q, ;
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is a weighting matrix. (X, — X_) is the vector of residuals of the observable
variables, where X, is the measured value and X the model prediction. In the
present case, there is only one observable variable, the conversion, and the
weighting matrix is taken to be equal to 1.

Equation (14) can be modified as follows:

M G
Sum= Y Y [(x, - x) - (x.- xf)]2 (15)
j=1i=1
where x! is the value of the conversion predicted by the model with a

particular set of parameters, h.
In order to linearize Sum, x, is expanded in a Taylor series around x” and
substituted into eq. (15), giving

» [(xe—xf) - (a[xCJ)h( 18] )hAK"+1

2

3ts] | | 3TK] (16)

Equation (16) is linear in AK”*! and minimization of Sum with respect to
AK”*! gives

M G
_ T
AKh+1 - [Hh] 1 Z Z [Jh]i,j(xe - xf)i’j (17)
j=1i=1
where
M G -
HA= ¥ ¥ [0°17 19", (18)
j=li=1
and

alx1\" [ a[s]\"
o ( a[s] )( a[K])i,j (19)

In order to calculate d[S]/d[K], both sides of eq. (11) are differentiated
with respect to K giving

d[assdt]  o[F] a[F] a[s]

3]~ 3[K] ' 3[8] 9[K] (20)
Interchanging the order of differentiation yields
a(3[81/9[K]) _ o[F] _3[F] 3[s] on

dt ~ 9[K] * a[s] 3[K]

At t = 0, all of the state variables have a constant value and hence, the
initial conditions for eq. (21) are 4[S]/3[K] = 0.
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The Levenberg—Marquardt method proposes a nonnegative addition to H
in order to enhance convergence:

M G
AK ' = [H+AI]' Y ¥ [I7] (x, - x)i s (22)

Jj=1i=1

where I is the identity matrix and A is a scalar.

Based on these equations, an algorithm for parameter estimation in stiff
differential equations has been developed. The algorithm can be applied to a
set of M experiments carried out under different experimental conditions. G,
experimental points are measured in experiment j. The algorithm can be

summarized as follows:

1. Guess some initial value of K.
2. For the conditions of experiment 1:
a. Integrate egs. (7)—(9) and (21) using a numerical integration technique
such as the Gear algorithm.?®
b. Calculate J;, [eq. (19)] and (x,— x?),, at each time for which an
experimental value of conversion is available.
c. Calculate

;1 [Jh]:1(xe - x?)i,l (23)

G,
T
Y [97];.d8 (24)
i=1
3. Repeat step 2 for experiments 2,3, ..., M and calculate
M G
T

Z Z [Jh]i,j(xe - x?)i,j (25)
J=1i=1

M G
H'= Y ¥ [J*]0 37, (26)

j=1i=1

>

Calculate AK**! using eq. (22).
5. Calculate the new values of the parameters

Kh+1 — Kh + AKh+l (27)
6. Repeat steps 2-5 until convergence is reached.

CHECK OF THE PRESENT APPROACH

Data were generated by integration of egs. (7)—(9) using a given set of
parameters that will be referred to as the “exact” parameters. The methodol-
ogy was checked by estimation of the parameters from the generated data,
and comparison of the results with the exact parameters was used to establish
the accuracy of the method.
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Data Simulation

The conversion vs. time profiles of chemically initiated seeded emulsion
polymerizations of styrene during Interval Il were simulated by integrating
eqs. (7)—(9) by a Gear algorithm. Table I lists the values of the rate constants
used for data simulation. A constant monomer concentration of 5.8 mol dm 2
was used throughout the calculations (i.e., Interval II). Initiator concentration
and total number of particles were varied. The range of these varying
experimental conditions was chosen as follows. The lower limit of [I,] should
be high enough to safely neglect the thermal initiation component. Its upper
limit, as well as the lower limit of N, are fixed by the onset of secondary
nucleation. The upper limit of N, and sometimes the upper limit of [I,], is
controlled by the colloidal stability of the system. As a first approximation,
constancy of the rate parameters was assumed over the whole range of
experimental conditions.

As real experimental data never result in a perfectly smooth curve, some
estimate of the error is required in order to produce data closer in character to
real experiments. For experiments monitored dilatometrically, the main source
of random errors are the measurement of the meniscus height and the
temperature fluctuations. Using a cathetometer that reads to 0.001 c¢m, one
can estimate that the maximum error in the reading is +0.002 cm. Tempera-
ture fluctuations will affect the reading through both density fluctuations and
the reaction rate by changing the value of the rate parameters. For a
dilatometer that contains a reaction bulb of 50 ml and a total capillary
volume of 3 mL, a variation of +0.02 K at 323 K (a less accurate temperature
controller will result in excessive experimental noise) will give a height error of
0.014 cm. This error, together with the one related to the measurement of the
meniscus height, results in an absolute error of less than +0.1 in the percent-
age conversion. The effect of temperature fluctuations on the kinetic parame-
ters is more difficult to evaluate because the temperature dependences of the
rate constants are needed. In this paper, a random error of +0.1 in the
percentage conversion has been assigned to this effect. Therefore, a maximum
error of +0.2 was added to the perfect data in order to generate real data.
The error assigned to each experimental point was varied by using a random
number generator that varied between 0 and 1. Each particular value was
calculated by

(random number — 0.5)0.2 o8
error 05 (28)
This error was used for conversions greater than 0.2%; otherwise, smaller
errors were used in order to avoid negative conversions.

TABLE 1
Values of the Parameters Used for Data Generation
k, 258 dm® mol 157!
k, 4 x 108 dm® mol~1s7!?
k, 1x10°3 st
ky 1x1078 s!

7 x 107 dm® mol"1s7!
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Another source of experimental error is the run-to-run irreproducibility. In
order to include this effect in our data, every point in a particular experimen-
tal conversion curve was shifted by a given fraction of the value of the
percentage conversion. A Gaussian random number generator was used to
assign the error to each experimental curve. Errors as large as +8% were
included in the data. In our experience, these errors exceed those expected in
carefully carried out seeded emulsion polymerization reactions.

In addition to the random errors, some systematic errors are related to
dilatometric experiments. These experiments are typically started with some
oxygen in the reaction mixture that results in an induction period. The
starting point for the reaction is subjective. Hence a systematic error is easily
included into the measurement. This error was introduced in the simulated
data by decreasing the process times by one minute.

Parameter Estimation

Effect of the Steady-State Assumption for the Aqueous Phase
Radical Concentration

One important feature of any method of parameter estimation is the
amount of computer time required to implement the method. The computer
time is considerably reduced if the pseudo-steady-state assumption for the
radical concentration in the aqueous phase is applied, i.e., if eq. (7) can be
converted to an algebraic equation by making the left-hand side, the accumu-
lation term, equal to zero. In order to check the validity of this assumption,
integration of eqs. (7) and (9) under pseudo-steady-state and non-steady-state
conditions were carried out. The results, presented in Table II, show that
there is no significant difference between the integrations and, hence, the
pseudo-steady-state assumption can be safely used.

Effect of the Initial Guess

The parameter estimation was first carried out under the least demanding
conditions, i.e., by using a large number of experiments. Tables III-V present
these data which represent experiments carried out at several different con-

TABLE 11
Check of the Pseudo-Steady-State Assumption
Non-steady state Pseudo-steady state
Time (s) x (%) N, X 10716 x (%) N, x 10716

0 0 0 0 0
5 0.00 2.22 0.00 1.73
10 0.01 4.19 0.01 3.75
20 0.03 7.46 0.03 713
40 0.10 12.04 0.10 11.83
60 0.20 14.83 0.20 14.70
80 0.32 16.53 0.31 16.46
100 0.45 17.57 0.44 17.53

120 0.58 18.21 0.57 18.18
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i T T T T 1 T T T T L T

CONVERSION (%)

0. 2.0 4.0 6.0 8.0 10.0 12.0
TIME (S) (X 107%)

Fig. 1. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
107% mol dm~* (®) Np = 2 x 10! particles dm~3; (A) Np = 4 x 108
particles dm~%; (+) N = 6 X 10'® particles dm 3.

centrations of initiator and three values of the total number of particles. A
random error of +0.2 in the percent conversion was included in these data.
Reparametrization was used to enhance the convergence of the algorithm by
redefining the kinetic parameters in such a way that they all have similar
values:

k. =k, /10" = 0.4 (29)
ky=ky/1072=0.1 (30)
ki =k, /107%°=0.1 (31)
k;, =k, /108 = 0.7 (32)
8 O T T T T T T T T T T T T

CONVERSION (%)

0. 2.0 4.0 6.0 8.0 10.0 12.0
TIME (S) ( X 107°)

Fig. 2. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
5 % 1075 mo!l dm™3: (O) Ny = 2 X 10" particles dm~3; (A) Ny = 4 X 10'® particles dm~3; (+)
Ny = 6 X 108 particles dm~3.
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T T T T T T T | LD 1 T T

12.0 + e

(%)

CONVERSION

0. 2.0 4.0 6.0 8.0 10.0 2.0

-2
TIME (S) (X 10 7)
Fig. 3. Comparison between calculated (solid lines) and “experimental” conversions; {I,] =
10-% mol dm % (®) Ny = 2 X 10'% particles dm~?% (A) Ny = 4 x 10'¢
particles dm ™% (+) Ny = 6 X 10'® particles dm™2.

Table VI summarizes the results obtained for different initial guesses. It
was found that a good fit of the data was achieved with all the initial guesses,
which all resulted in the same residual sum of squares. The residual sum of
squares, which is based on the fractional, not percentage, conversion, obtained
with the exact parameters is included in the table for reference. Figures 1-7
show the results obtained with the first set of parameters, and the same
results were reached with the other sets of parameters. It can be seen from
Table VI that good estimates of the radical desorption coefficient (k) and the
initiator decomposition constant (k;) were obtained irrespective of the initial
guess. However, different values of k, and &,,, resulted in fits of the data that
were indistinguishable from each other with respect to both the residual sum

(%)

CONVERSION

0. 2.0 4.0 6.0 8.0 10.0  12.0
TIME (S) ( X 107%)

Fig. 4. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
3 %X 1074 mol dm % (®) Np =2 X 10'® particles dm~3; (A) Ny = 4 x 1016

y

particles dm~3; (+) Ny = 6 X 10'® particles dm™3.
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T T T T T T T T T T T ]
\
12.0 + 4
g -
g 8.0 |- 1
= |
& - .
v :
R 1
g5 4 W
&) i
) ]
0. Lo

0. 2.0 4.0 6.0 8.0 10.0 12.0

TIME (S) ( X 10°°)

Fig. 5. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
7% 107* mol dm™ % (®) Ny = 2 X 10' particles dm™3; (A) Ny = 4 X 10'6 particles dm™3; (+)
Ny = 6 x 10'% particles dm ™.

of squares and the conversion, suggesting either the presence of multiple
minima in the objective function or a correlation between %, and k,,,.

A close fit of the data was obtained for all of the experimental conditions,
i.e., for all initiator concentrations and particle numbers, as illustrated by
Figures 1-7. This implies that the value of N, at all times is close to the exact
value. If N, and %, have the correct values then, from eq. (9), the product
k,[R], must also have the correct value. Therefore, the four sets of parame-
ters in Table VI result in the same value of 2,[R],, at any given process time
and experimental condition. The same is true for the first two terms on the
right-hand side of eq. (7). Taking into account that the pseudo-steady-state

(%)

CONVERSION

0. 2.0 4.0 6.0 8.0 10.0 12.0
TIME (S) ( X 10°%)

Fig. 6. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
107 mol dm~3: (®) Ny = 2 X 10'® particles dm~ 3% (A) Ny = 4 x 10
particles dm ~?; (+) Ny = 6 X 10'® particles dm~3.
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T T T T T T T T T T T T

12.0

(%)

CONVERSION

0. 2.0 4.0 6.0 8.0 10.0 12.0
TIME (S) ( X 107%)

Fig. 7. Comparison between calculated (solid lines) and “experimental” conversions; [I,] =
3 x 1073 mol dm™3: (A) N = 4 X 10 particles dm~3; (+) Ny = 6 X 10'® particles dm 3.
condition holds for eq. (7), the previous arguments lead to

2k,,[R]%, . k,[R], Ny
b, N,

+ const; = 0 (33)

k,[R], = const, (34)
Combination of egs. (33) and (34) and solving for [R],, results in
[R], = const,/k}/? (35)
Substitution of eq. (35) into eq. (34) gives
k, = const, kl/? (36)

Figure 8 shows that the estimated values of &, and k,,, presented in Table VI
satisfy eq. (36). This equation states that k,, and %, cannot be unambigu-
ously determined unless some independent measurement of the concentration
of radicals in the aqueous phase is available. In the derivation of eq. (36), the
only assumptions made were that the experimental conversion vs. time curves
are well fitted and that the other parameters are well determined. Therefore,
this conclusion is not restricted to the zero—one system or to this particular
type of experiment, but holds for any experimental design based on the
evolution of a property related to the polymer particles (conversion, molecular
weight distribution or PSD).

It is worth examining the effect of the correlation between %k, and %,, on
both fundamental studies and on the use of these parameters in predictive
mathematical models. The main goal in determining &, is to elucidate the
mechanism of entry of free radicals into latex particles by establishing the
dependence of the entry rate coefficient on such characteristics of emulsion
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Fig. 8. Correlation between %, and %,,,.

polymerization systems as seed latex particle size. The correlation between %,
and k,, does not create a difficulty for these types of studies because the
dependence of k£, on a given characteristic of the system can be readily
analyzed by setting k,,, equal to a constant value. Although the actual value
of %, is not known (the estimated value of &, is its actual value divided by
the square root of the error in %,,), it is not the actual value but the
dependence with respect to the characteristics of the system that is important
in these types of studies. The actual value could have some effect in the
predictions of mathematical models. However, each set of estimated k, and
k,, together will accurately predict the behavior of the system because, as
shown previously, they fit the simulated data obtained over a wide range of
experimental conditions.

Due to the correlation between %, and k,,,
dm?® mol ! s ! in all subsequent calculations.

k,, will be equal to 7 X 107

Effect of the Reparametrization

The use of reparametrization implies some estimation of the order of
magnitude of the kinetic parameters. Although it seems reasonable to assume
that this estimation will be within 2 orders of magnitude of the actual value of
a given parameter, in general, one will expect a reparametrization less favor-
able than the one given by egs. (29)-(32), i.e., that the reparametrized rate
constants, instead of having similar values, will have values that may differ by
2 orders of magnitude. Therefore, the influence of the reparametrization
factor was investigated by using 12 simulated experiments in which the
initiator concentration ranged from 2 X 10~ to 3.9 X 10~ * mol dm ~2 and the
number of particles varied between 2 X 10'® and 4 X 10'® dm 3. The results
are presented in Table VII. From this table it can be seen that accurate values
of the parameters were obtained for all of the reparametrization factors.
However, the larger the differences between the reparametrized rate con-
stants, the larger the computer time required for the estimation.
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Influence of the Number of Experiments and Range
of Experimental Conditions

Although constancy of the rate parameters was assumed in order to gener-
ate the data, there is some doubt as to whether these parameters remain
constant when the concentration of initiator varies by 2 orders of magnitude
or the total number of polymer particles changes by a factor of 2 or 3.
Therefore, it is important to determine the minimum number of experiments
needed to accurately estimate the kinetic parameters, as well as the minimum
range of variation of the experimental conditions. Table VIII summarizes the
results of the analysis, with the results obtained using 20 experiments in-
cluded as a reference. Both initiator concentration and total number of
particles were varied. Due to the correlation between k, and k,,, k,, was
held constant and the other three parameters were estimated. As a different
number of simulated experiments were used in each case, the residual sum of
squares per experiment is used as a measure of the accuracy of the fit.
However, it should be pointed out that this is an approximate criterion
because the absolute values of the conversion change with experimental
conditions and, for equivalent fittings, the value of the residual sum of squares
increases with the value of the conversion, namely with [I,] and Nj. The
values of the residual sum of squares presented in Table VIII indicate that,
under all conditions, the data are well fitted and the degree of fitting is similar
for all cases. However, in some cases the values of the estimated parameters
are quite different from those in Table I. A good fit of the data and values of
the estimated parameters far from the exact ones indicate too many degrees of
freedom in the system, i.e., too few experimental results to estimate so many
parameters. From Table VIIL, it can be seen that, in general, the accuracy of
the estimated parameters increases when either the number of experiments or
the range of experimental conditions increases. Nevertheless, Table VIII
shows that when only the initiator concentration is varied, the accuracy of the
estimated parameters is limited, even if a wide range of initiator concentra-
tions and seven experiments are considered. On the other hand, Table VIII
shows that when both the initiator concentration and the number of particles
are varied and a minimum of 9-12 experiments are available, the kinetic
parameters can be accurately estimated even if a narrow range of initiator
concentrations is used. From Table VIII, one can infer that in order to carry
out a reliable parameter estimation, a minimum of 9-12 experiments are
needed. In addition, the experimental design should include variation of both
initiator concentration and number of polymer particles. The same particle
size has to be used in all of the runs.

Effect of the Experimental Noise

As explained previously, the experimental noise expected in well-controlled
experiments can be estimated to be less than +0.2 in the percentage conver-
sion. However, under some circumstances, such as poor temperature control,
the experimental noise may be more intense. The effect of different degrees of
experimental noise is presented in Table IX. The noise is assumed to be
random. It can be seen that accurate values of the estimated parameters were
obtained even with experimental noise as large as +0.4 in the percentage
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TABLE IX

Effect of the Experimental Noise on the Estimated Parameters

Perfect experiments (x £ 02)% (x £ 0.0)%
k), 0.4 0.3962 0.3949
ks 0.1 0.0992 0.0969
ky 0.1 0.0999 0.1016
k., 07 0.7000 0.7000
Sum 46 x 1071 4.02 x 1074 1.25 X 1073

conversion. This value largely exceeds the usual magnitude of the experimen-
tal noise.

Effect of the Systematic Errors

The effect of the systematic error due to a poor determination of the initial
time is presented in Table X. Parameter estimation was carried out using the
12 experiments of the last case in Table VIII, with the initial times of all or
some of the experiments shifted by 1 min. Although it is doubtful that the
distribution of errors allows the reduction of the likelihood function to the
residual sum of squares, eq. (14) was used as the objective function to estimate
the parameters. Comparison between estimated and exact values of the
parameters gives an estimation of the errors introduced by both incorrect
determination of the initial time and use of eq. (14) as the objective function.
Table X shows that, although the estimated values of the parameters are in
the same range as the exact ones, variations greater than 100% were obtained
for some parameters in all cases.

Other sources of systematic errors are the inaccuracy of the determination
of the number of particles and the uncertainty related to the value of &,.
Table XI shows that an error of 10% in either Ny or &, results in variations of

TABLE X
Effect of the Error in Setting the Initial Time on the Estimated Parameters

Fraction of

erroneous expts 4 kY ki k.
3/12 0.7623 0.1317 0.0953 0.700
4/12 1.2110 0.1234 0.0804 0.700
12/12 1.9020 0.3896 0.2412 0.700
TABLE XI
Effect of the Errors in k, and Ny upon the Estimated Parameters
k,x 11 Ny x 11
k; 0.2084 0.2180
kR 0.1971 0.1772
% 0.1306 0.1352
k;, 0.7000 0.7000

Sum 1.96 x 1078 1.45 x 1073
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100% in the values of the estimated parameters. The only method of reducing
the error in Ny is to have a more accurate measure before the beginning of the
experiments. However, k, can be included as an estimable parameter and
determined simultaneously with the rest of the kinetic parameters. In this
way, the uncertainty in the rate parameters arising from any error in &, is
removed.

Estimation of all of the Parameters of the Model

Table XII shows the results obtained by using different numbers of experi-
ments and different initial guesses when %, is included as a parameter. Two
different experimental designs were considered: (1) 20 experiments including
three different numbers of particles and seven different initiator concentra-
tions ranging from 1 X 107° mol dm 2 to 3 X 10~ mol dm~3 (data given in
Tables III-V) and (2) 12 experiments including three different numbers of
particles and four initator concentrations ranging from 2 X 104 mol dm 3 to
3.9 X 107* mol dm 3 (last case in Table VIII). In these calculations the
propagation rate constant was reparametrized as follows:

k) = k,/10° = 0.258 (37)

It can be seen that, in all cases, accurate values of all of the parameters
were obtained. This demonstrates that the approach presented in this paper
allows the accurate determination of all of the parameters of the model,
including the propagation rate constant, by using data obtained from a simple
experimental design.

Effect of the Irreproducibility between Runs

The effect of the run-to-run irreproducibility on the values of the estimated
parameters is presented in Table XIII. The error assigned to each conversion
curve was determined using a Gaussian random number generator. Errors as
large as +8% were included and two different sets of experiments were
considered. In the first, the 12 experiments of the last case of Table VIII were
used to carry out the parameter estimation. Table XIII shows that, although
the estimated values of the parameters are in the same range as the exact
ones, significant deviations were obtained for some parameters. The experi-
ments were duplicated by assigning a new error to each of the 12 experiments
and the parameter estimation carried out again using all 24 experiments.
Table XIII shows that the estimated values of the parameters become much
closer to the exact ones when the duplicated experiments are considered in the
estimation.

TABLE XIII
Effect of the Irreproducibility between Runs on the Values of the Estimated Parameters
Number of
experiments k., kY ki kj,
12 0.3274 0.3878 0.0751 0.2749

24 0.3478 0.1605 0.1034 0.2737




ESTIMATION OF KINETIC PARAMETERS. 1 1209

Comparison with the Sydney Approach

The majority of the work done by the Sydney group on parameter estima-
tion involves the use of the fate parameter a. It is usually assumed that « is a
constant for a particular system, irrespective of the initiator concentration
and particle number. This is probably only true under limited conditions, i.e.,
a narrow range of initiator concentration and a single particle number. This
paper has focused on estimating more fundamental parameters without the
need for such assumptions as a constant value of a for a given system. Indeed,
the Sydney group has already presented a model for aqueous phase events in
order to estimate k,, but their approach still requires a knowledge of «, as
well as the termination rate coefficient in the aqueous phase plus some
additional fitting.!!

In order to compare the approach of the Sydney group with the present
method, the data generated for the parameter estimation by egs. (7)-(9) were
analyzed using the slope/intercept method developed by the Sydney group in
terms of egs. (3)-(5), to obtain both p, and %k ,. Each experimental curve must
be analyzed separately and the value of @ must be assumed. This analysis was
carried out for four different values of a. The results are presented in Table
XIV. At the higher initiator concentrations, the value of « only marginally

TABLE XIV
Sydney Analysis of the Simulated Data
[1,] a pa X 102 ky X 10*
1078 -1 1.215 0.0978
0 1.189 0.0998
0.5 1.118 0.1020
1 1.166 0.1020
7 %1074 -1 0.972 0.0970
0 0.950 0.0995
0.5 0.938 0.1008
1 0.927 0.1022
3x107* -1 0.561 0.0940
0 0.541 0.0982
0.5 0.530 0.1005
1 0.519 0.1029
1074 -1 0.257 0.0862
0 0.242 0.0943
0.5 0.233 0.0990
1 0.224 0.1044
5x107° -1 0.151 0.0776
0 0.139 0.0891
0.5 0.132 0.0964
1 0.125 0.1053
1075 -1 0.038 0.0491
0 0.035 0.0668
0.5 0.032 0.0819
1 0.028 0.1067
5x 1078 -1 0.020 0.0374
0 0.019 0.0551
0.5 0.017 0.0725

1 0.014 0.1074
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affected the resulting values of p, and k,. However, at the lower initiator
concentrations, the choice of a is very important in determining &, and to a
lesser extent p,. This is to be expected as in this range the exited free radicals
contribute significantly to the aqueous phase radical concentration, whereas
at higher concentrations of initiator they only contribute a very small fraction
of the radical population. As &, should be independent of initiator concentra-
tion, it is possible to draw two conclusions from Table XIV: (1) « is equal to 1
over the entire range of initiator concentration; or (2) a varies from a value
close to 1 at lower initiator concentrations to something less than 1 (but not
easily quantified) at higher initiator concentrations.

In order to obtain some reference values, a can be calculated from egs.
(7)—(9) by comparing the rate of entry of radicals into the particles in the
presence and absence of radical desorption and using the exact values of the
parameters given in Table 1. The values of « calculated ranged from 0.94 for
[I,] =5 X% 1079 to 0.24 for [I,] = 10° mol dm 3, These simple calculations
invalidate the first possible conclusion, i.e., that @ = 1 over the entire range of
[I,]. Therefore, no definitive value of a could be obtained from the Sydney
approach because no quantifications followed the second conclusion. Further
mechanistic studies to estimate %, required the knowledge of a, k,, and some
additional fitting."! This resulted in large uncertainties in the estimation of
the rate parameters. It was also required that %, be known.

CONCLUSIONS

A novel approach for the estimation of kinetic parameters in emulsion
polymerization systems has been presented. The approach, which uses the
time evolution of the conversion in chemically initiated seeded emulsion
polymerization, is based on a model that includes the radical balance in the
aqueous phase and fundamental parameters such as entry and exit rate
coefficients, the termination rate constant in the aqueous phase and the rate
coefficient for initiator decomposition. These parameters, together with the
propagation rate constant, are estimated by using all of the available experi-
mental data at the same time. Therefore, the method does not depend on any
parameter value taken from the literature. It has been found that accurate
values of all the parameters can be obtained through the present approach,
provided that a minimum number of experiments are available. This mini-
mum ranges between 9 and 12 and the use of three different values of the
number of particles is advised. However, only chemically initiated emulsion
polymerization experiments are needed. An important conclusion of this study
is that the entry rate coefficient and the termination rate constant in the
aqueous phase are correlated, with the result that these parameters cannot be
unambiguously determined. It has been found that the values of the estimated
parameters are not affected by the experimental noise due to random errors
such as temperature oscillations and operator-related errors in the measure-
ment of the height of the meniscus in the dilatometer. However, when the
experiments contain systematic errors, the estimated parameters are greatly
affected.
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The present methodology offers more advantages than the previous ap-
proaches because it uses more fundamental parameters that can be readily
used in mechanistic studies as well as in predictive mathematical models, and
it estimates accurately all of the parameters of the model, including the
propagation rate constant, by using data obtained from a simple experimental

design.
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APPENDIX: NOMENCLATURE

termination rate coefficient (s ')

vector of functions [eq. (11)]

number of experimental points in experiment j

matrix defined by eq. (18)

initiator concentration (mol dm~?)

vector defined by eq. (19)

vector of adjustable parameters [eq. (13)]

vector of increments of adjustable parameters

rate coefficient for radical entry (dm® mol~!s™1)
reparametrized rate coefficient for radical entry

radical desorption rate coefficient (s )

reparametrized radical desorption coefficient

rate constant for generation of polymerizing free radicals from
initiator decomposition (s 1)

reparametrized rate constant for generation of polymerizing free
radicals from initiator decomposition

propagation rate constant (dm3 mol~! s™1)

termination rate constant (dm?® mol~1s71)

termination rate constant in the aqueous phase (dm® mol~! s™!)
reparametrized termination rate constant in the aqueous phase
number of experiments

monomer concentration in the polymer particles (mol dm~3)
initial number of moles of monomer per dm? of water

average number of radicals per particle

Avogadro’s constant

number of particles containing i radicals per dm? of water
number of polymer particles per dm?® of water

weighting matrix

concentration of radicals in the aqueous phase (mol dm~3)
vector of state variables [eq. (12)]

residual sum of squares

time

volume of one polymer particle (dm?)

conversion
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x, conversion predicted by the model
x, “measured” conversion
Y vector of independent variables

(X, — X_.) vector of residuals of observable variables

Superscripts

h values calculated using a particular set of parameters

Greek Symbols
a fate parameter
. volume fraction of water in the aqueous phase
P global radical entry rate coefficient defined by eq. (3)
Pa global radical entry rate coefficient in absence of radical desorp-
tion (s~ 1)
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